The influence of additive noise, multiplicative noise, and higher-order effects on exploding solitons in the framework of the prototype complex cubic-quintic Ginzburg-Landau equation is studied. Transitions from explosions to filling-in to the noisy spatially homogeneous finite amplitude solution, collapse (zero solution), and periodic exploding dissipative solitons are reported.
Introduction
Soliton explosions, fascinating nonlinear phenomena in dissipative systems, have been observed in at least three key experiments. As has been reported by Cundiff et al. [1] , a mode-locked laser using a Ti:Sapphire crystal can produce intermittent explosions. More recently, a different medium for explosions was reported by Broderick et al., namely, a passively mode-locked fibre laser [2] . In 2016, Liu et al. showed that in an ultrafast fiber laser, the exploding behavior could operate in a sustained but periodic mode called "successive soliton explosions" [3] .
Almost all parts of these exploding objects are unstable, but nevertheless they remain localized. Localized structures in systems far from equilibrium are the result of a delicate balance between injection and dissipation of energy, nonlinearity and dispersion (compare [4] for a recent exposition of the subject). This fact leads to a generalization of the well known conservative soliton to a dissipative soliton DS (Akhmediev et al. [5] ). Experimental observation of DSs, apart from explosions, shows a wide spectrum in nature including binary fluid convection, granular systems, chemical surface reactions, nonlinear optics and starch suspensions [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
Explosions, being chaotic phenomena, are not identical, resulting in a random distribution of times between explosions. Real systems, where explosions were observed, are not continuous, however, explosive behavior was predicted theoretically in the complex cubic-quintic Ginzburg-Landau equation, whose parameters vary continuously [16, 17] .
The complex cubic-quintic Ginzburg-Landau equation (CQGLE), a prototype envelope equation, derived near the onset of a subcritical instability (inverted Hopf bifurcacion), was first introduced by Brand et al. when modeling binary mixtures [18, 19] . However, Thual and Fauve were the first to report explicitly the existence of stable pulse solutions in the CQGLE [20] . In optics, this equation describes laser systems [21] [22] [23] , soliton transmission lines [24] , and nonlinear cavities with an external pump [25] . A natural parameter to be varied in this equation is the distance from linear onset. For a large range of parameters, the following sequence was found: stationary pulses, pulses with one and two frequencies, and finally exploding pulses [26] . This fact revealed a quasiperiodic route to chaos for spatially localized solutions [27] . In addition, we have studied the effect of small and large additive noise on the formation of localized patterns [28, 29] . We concluded that weak additive noise is enough to induce explosions while the interaction of localization and noise can lead to noisy localized structures.
Recently, we have reported that multiplicative noise can reduce and even suppress the existence of explosions in localized solutions [30] .
In this article, we study the influence of additive noise, multiplicative noise, and higher-order effects on exploding solitons in the framework of the prototype envelope complex cubic-quintic Ginzburg-Landau equation. Transitions from explosions to filling-in to the noisy spatially homogeneous finite amplitude solution, collapse (zero solution), and periodic exploding dissipative solitons are reported.
Influence of Additive and Multiplicative Noise on Exploding Dissipative Solitons
Sources of noise are always present in physical systems, which can be external or internal (as examples, we can mention thermal noise, fluctuations in pressure, temperature or electrical signals, etc.). Ordinary or partial differential equations take account of the behavior of systems under the influence of fluctuations [31] [32] [33] . Internal noise becomes typically additive [34] while external noise becomes typically multiplicative or both [35] .
Stochastic Equations
The stochastic complex cubic-quintic complex Ginzburg-Landau equation (SCQGLE) under the influence of additive noise reads
Here
µ is the distance from linear onset (real), and η the noise strength. β r > 0 and γ r < 0 in order to guarantee that we are in the presence of an inverted Hopf bifurcation saturating to quintic order. The complex white noise The SCQGLE with multiplicative noise that we investigate here is of the form
where the white noise ζ(t) satisfies ζ = 0 (zero mean), and ζ(t) ζ(t ) = δ (t − t ) (delta-correlated in time but homogeneous in space), so that ζ(x, t) is replaced by χ r / √ dt, where χ r corresponds to uncorrelated random numbers obeying a normal distribution with zero mean and unit variance. Additive noise implies perturbations on short length and time scales. However, homogeneous multiplicative noise leads to a homogeneous enhancement and suppression of the modulus as a function of time. As an example, we can mention electroconvection in nematic liquid crystals by superposing noise on the driving voltage [36] .
Numerical Method
The parameters we used are β = 1 + 0.8 i, γ = −0.1 − 0.6 i, D = 0.125 + 0.5 i. The complex cubic-quintic Ginzburg-Landau equation has seven parameters. After scaling t, x and A, we can fix β r = 1, γ r = −0.1 and D r = 0.125. Nevertheless, explosions occur as a function of µ only in a subset of the space (β i , γ i , D i ). According to our previous experience in explosions [26] , we choose β i = 0.8, γ i = −0.6 and D i = 0.5.
We considered periodic boundary conditions and by varying the box size we made sure that our box is sufficiently large so that none of the results presented in the following are sensitively dependent on the box size.
The bifurcation parameter µ is varied from −0.26 until −0.16. This range includes values of µ where deterministically we find stationary solutions and oscillatory solutions (with one and two frequencies) and exploding solitons [28] . Initial conditions are deterministic solutions of the CQGLE.
To numerically solve Equations (1) and (2), we used a pseudo-spectral split-step method, where the derivatives are computed in Fourier space using a fast Fourier transformation and the non-linear part is integrated in time by a fourth order Runge-Kutta method. To perform these operations, we write our equations in the following way
where M[A]A represents the part of the equation containing the linear and non-linear terms with the exception of the double derivative in x. If we split Equation (3) into two operators, we get
We integrate the differential part over a small interval ∆t, by performing a Fourier transformation
where k 2 is the squared wave vector. After integrating the differential and nonlinear part separately, we obtainÂ
The second integration is performed by a fourth order Runge-Kutta method which gives us a more numerically stable result. Finally, we get the solution for A integrated over a small time step ∆t
This numerical method was implemented using a Python code with Fortran subroutines. For the numerical simulations, we used N = 1024 Fourier modes over a discretized grid of length L = 50 and a time step of size ∆t = 0.005.
Results
In [28] , we studied the effect of weak additive noise on the spatially localized pulses (either stationary or oscillating with one and two frequencies) concluding that small additive noise is enough to induce exploding dissipative solitons, which are mostly chaotic.
Here, we report ( Figure 1a ) three types of pulses emerging as a function of µ, including the range where deterministically exploding solitons exist, for varying two decades of η (logarithmic scale). For µ 0.22 and small values of η, we find (in agreement with [28] ) noisy non-explosive localized solutions, either chaotic or non-chaotic. Large enough values of noise always induce explosions. Non-chaotic explosions are observed at the border separating non-explosive states from exploding solitons. For sufficiently large noise strength η, we observe a transition to filling-in, that is, a noisy spatially homogeneous finite amplitude solution.
The phase diagram shown in Figure 1a is rather insensitive to the maximum run time T, as we can notice from Figure 1b For µ = −0.25 and η = 0, we have a stationary solution. When a small noise (η ∼ 0.003) is added to Equation (1), it acts mainly as a perturbation on short length and time scales giving the state a noisy appearance (Figure 2a ). When η is increased to ∼0.03, a perturbation starts growing in the wings. Once this peak has grown, it interacts with the main pulse forming a wide chaotic localized one (this instant is shown as a snapshot in Figure 2b ). After this, rapidly the system collapses to a state, similar to the original starting peak. This is what we call explosion. For large enough noise (η 0.06), the whole system jumps to a noisy spatially homogeneous finite amplitude solution (Figure 2c ). For spatially homogeneous multiplicative noise, where we observe a collective enhancement and suppression (in space) of the amplitude, we report in Figure 3a three types of patterns, as a function of the bifurcation parameter µ, and η the noise strength: exploding dissipative solitons (red solid circles (•)), oscillating localized states (blue squares ( )). Either they are not explosive or their frequency of explosions is undetectable for T = 10 4 . In the range of µ shown in Figure 3 , values of η 0.3 induce collapse (black triangles ( )). In a previous article [30] , we reported that multiplicative noise can lead to a reduction of the number of explosions and even to the collapse of dissipative solitons. One can see from the plot that decreasing η at the border in 0.03 means to increase T in one decade.
Exploding Dissipative Solitons and Higher-Order Effects
The inclusion of higher-order terms to the complex cubic-quintic Ginzburg-Landau equation has a clear physical motivation, namely, modeling the propagation of short pulses along a mode-locked fiber laser. According to Agrawal [37] , for short pulses (T 0 1 ps), where T 0 is the width of the pulse, one should include the higher-order effects. Therefore, the generalized pulse-propagation equation reads (6) whereÃ(z, T) is the envelope (slowly varying function ofz and T) of the complex electrical field in a comoving frame, g the gain or loss of energy, P the pumping power, β k stands for the dispersion coefficients, γ 1 ≈ γ/ω 0 , γ = ω 0 n 2 /cA eff , where A eff is the effective mode area, n 2 is called the nonlinear Kerr parameter, and ω 0 the carrier frequency. The integral in this equation accounts for the energy transfer resulting from intrapulse Raman scattering.
Complex Ginzburg-Landau Equation and Short Pulses
For short pulses but wide enough (T 0 ∼ 0.1 ps), expanding |Ã(z, T − T )| 2 in a Taylor-series up to first order in T , and considering up to the third-order dispersion β 3 , we can deduce from Equation (6) the following non-integrable quation [38] ∂zÃ − g(z, P)
where T R ≡ ∞ 0 tR(t)dt is the first moment of the Raman response function and ∞ One can note that |Ã| 2 has dimensions of power. Therefore, one can define the dimensionless variable A asÃ = A |β 2 |/(T 0 √ γ). In the same way, using the dispersion length, the dimensionless variable z:z = zT 2 0 /|β 2 |, and the dimensionless variable τ: T = T 0 τ. Thus, introducing the variables A, z and τ in Equation (7), we can obtain a dimensionless complex CQGLE including three higher-order effects: third-order dispersion, self-steepening, and intrapulse Raman scattering.
The left side of Equation (8) is nothing but the cubic-quintic non-linear Schrödinger equation, which is conservative. On the right side, the three first terms are related to g, taking account of the linear gain and loss of energy (δ), and for the non-linear gain or absorption of energy ( , µ). The term associated to β plays the role of spectral filtering. The last three terms on the right side are precisely the higher-order effects, which are conservative and whose coefficients δ 3 , s, and τ R are defined as follows:
Results
Equation (8) without considering higher-order effects is the optical version for the CQGLE studied in Section 2. Coefficients can easily be converted from Equations (1)-(8): δ = µ; = β r ; 1 = β i ; µ = γ r , ν = −γ i ; β = D r ; and D 2 = D i . In optics, to use as a control parameter is meaningful because is related to the pumping power.
As in Section 2, to solve Equation (8), we used a pseudo-spectral split-step numerical method along to N = 8192 Fourier modes, dt = 0.01 and dz = 0.004. Our parameters are: δ = −0.1, β = 0.125, µ = −0.1, ν = 0.6 and ∼ 1.0.
For around 1.02 (and δ = s = τ R = 0), the energy Q(z) = T 0 |ψ| 2 dτ exhibits different maxima Q max , which can be plotted in a logistic map (see Figure 4a ), giving the aspect of a complex picture, natural consequence of explosive chaotic behavior. While in Figure 5a , one can observe the evolution of the amplitude |A| in a τ − z plot for = 1.02. There, one can notice the random distribution of locations in z between explosions (the analogue of the random distribution of times between explosions in Equation (1)). The distribution of locations in z obeys a narrow distribution centered around a mean value. Considering T R ∼ 3 fs [37] and T 0 ∼ 0.1 ps, we estimate τ ∼ 0.03, and noticing that ω 0 T 0 ∼ N ∼ 100 (number of cycles tangled by |A|), s can also be estimated as s ∼ 0.01. Now, following the same above procedure for the CQGLE, but including higher-order nonlinear and dispersive effects (δ 3 = 0.016, s = 0.009, τ R = 0.032), we notice the appearance of windows corresponding to non-chaotic behaviors (see Figure 4b ). Around = 1.022, one can observe period-halving bifurcations leading to order, and period-doubling bifurcations leading to chaos. Around = 1.019 and = 1.024, the limit of the ratio of distances between consecutive bifurcation intervals tends to 4.6 (close to the Feigenbaum constant). Figure 5b shows the evolution of the amplitude |A| in a τ − z plot, for = 1.02, considering higher-order nonlinear and dispersive effects. In contrast to Figure 5a , we see that there is a fixed distance in z between explosions and explosions repeat exactly after a period. We are in the presence of periodic explosions.
Conclusions and Discussion
In summary, we have studied the influence of additive noise, multiplicative noise, and higher-order effects on exploding solitons in the framework of the prototype complex cubic-quintic Ginzburg-Landau equation.
For the stochastic CQGLE with enough large additive noise, we report a transition from explosions to filling-in, that is, a noisy spatially finite solution. Under the influence of large multiplicative noise, homogeneous in space, a collapse occurs in the zero amplitude solution.
We show that the phase diagrams for different outcomes under the influence of additive or multiplicative noise are rather insensitive to the choice of the run time. The transitions to filling-in and collapse follow an exponential law for the transition time as a function of the noise strength. This is a typical behavior for a transition between different potential barriers triggered by noise.
For short pulses, we deduced a dimensionless complex CQGLE including three higher-order effects: third-order dispersion, self-steepening, and intrapulse Raman scattering. Periodic exploding dissipative solitons are reported. We notice that a long time ago, but in the context of envelope equations, the effect of nonlinear gradient terms on localized solutions was studied by Deissler and Brand [39] .
